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Abstract—A rigorous treatment of the influence of an inho-

mogeneous electric field on the differential polarization of an

optical field, and the corresponding change in transmission of

a retarder setup is presented. The method yields sensitivity coef-

ficients employed directly in a volume-integral. In case of an

external electrooptic probe tip a layered structure with a space-

harmonic potential and a Gaussian sampling beam is investi-

gated and results on sensitivity and spatial resolution are pre-

sented. The probing of inhomogeneous longitudinal and trans-

verse fields with the same setup is demonstrated for a microstrip

transmission line.

I. INTRODUCTION

ELECTROOPTIC probing meets with growing interest

for noncontact and noninvasive measurements of in-

tegrated microwave circuits. The exact knowledge of the

influence of a microwave field in a planar circuit on the

Gaussian optical probe beam is essential for accurate

measurement. We describe a method for calculation of the

sensitivity and the spatial resolution. Especially, in cases

of electrooptic sampling utilizing a diode laser, sensitivity

is of utmost importance. The issue of invasiveness is ad-

dressed by Nagatsuma et al. [1] and Frankel et al. [2].

The method presented is applicable to the case of direct

probing in electrooptic active substrates and the use of an

external electrooptic probe tip. The determination of the

change in polarization, and the resulting intensity varia-

tions of the reflected sampling beam after passing a po-

larizer, are based on the rigorous application of the vol-

ume-integral method. The introduced method takes into

account the Gaussian nature of the probing beam.

II. SENSITIVITY COEFFICIENTS

To calculate the change in transmission of an optical

beam in an electrooptic sampling setup including polar-

izers, we introduce a method which yields 1) sensitivity

coefficients representing a linear relationship between
electrical fields and polarization of optical waves for ar-

bitrary crystal orientation, and 2) their direct application

to determine the change in transmission of the optical
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beam. We first calculate the differential change of polar-

ization for an arbitrarily directed homogeneous field and

for static isotrope uniaxial crystals. Consecutively, we

employ the introduced sensitivity coefficients in a vol-

ume-integral method for the application of inhomoge-

neous fields, Fig, 1 depicts the crystal coordinate system

x, the eigenmode-system f, with 1 (ordinary eigenmode)

and ~ (extraordinary eigenmode), and the beam axis eOPt

(parallel to z), using polar coordinates (6, J). We choose

e~ = eZ x ez and use a coordinate transformation x =

A.f(AT = A-1, for further calculation. The impermeabil-

ity tensor b of a uniaxial crystal and its electrooptic part

bEO (nO—ordinary index of refraction, n,—extraordinary

index of refraction) with respect to x is given as:

b= Ei2:); “o”[:;)

(1)

with I& = Z:. ~ rn~E~ (r~~—pockels coefficients,

E~–electric field components of microwave field). The

transformed impermeability tensor using 60 (Kronecker-

Delta) is

()

~=AT$+b~ A=ytat+@EO. (2)
1

From Maxwell’s equations, we obtain a wave equation

for the dielectric displacement ~: V x (V x bD) –
k~D = O, and with respect to the direction of propagation

eOPt we obtain a linear differential equation of first order:

where N is the index of refraction matrix. We define N in

such a manner that we obtain ~2 pt = 1 (~l—transverse

components of ~, Z—unity matrix):

(

– Anl –Any
N= “

–Anj )
(4)

nz — An2

By comparison of N with /3 (2) and neglection of higher

order products ( A nl A rzz etc.), we can determine the ele-

ments of the matrix N.

A general solution of the coupled differential equation

(3) is: D = exp (jkONz) DO (D,,–dielectric displacement
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Fig. 1. Definition of theused coordinate systems.

vector before entering the crystal). Next, the change in

polarization per unit length is described by the differential

Jones matrix [3] of the EO-crystal. In case of linear bire-

fringence without loss, we only need to consider the fol-

lowing two terms of the differential Jones matrix:

‘N=gO(2+’45(::) “)
with go (linear birefnngence parallel to the eigenmode

axis) and g45 (linear birefringence parallel to the angle

bisector of the eigefimode axes). The rotated matrix

AN(p) is given by:

‘N(”)=(25-%) (6)

with go = g cos (2P), g45 = g sin (2P), and g =

- which are combined in the differential retar-

dation vector g = (go, gq,)~, given by Thomas [4]. As-

suming a differential retarder with a static and electrooptic

plate g = g,,,, + g~o we can employ g to determine the

change in transmission and we obtain with 17~ = r. +

r ~,,,,, ( J’B-total phase retardation (bias), O–static, C–

crystal, /co-free space wave vector):

()COS2 [PO-:)
AI = sin I’~kol

‘in2 ($’0-:) g ‘n

A Ic,ti,
““sinrRkoz(::stJT( n’in’) ‘8)

Al~O = ~ sin I’Bkol
(-:%’)’( ‘::3

(9)

Az~O = sin I’~ko l(~XE~ +

Equation (10) introduces the

2393

KYJ?~ + KZE:). (lo)

sensitivity coefficients [5]

describing the linear dependence (Ki, i‘= x, y, z) of the

change in transmission caused by the electric field cc~m-

ponents E?, E?, E~. As an example, we calculate the

sensitivity coefficients KX$, Ky,, K,, for perpendicular in-

cidence in reflection mode and with respect to the sub-

strate coordinate system x,:

Exi. (11)

III. SENSITIVITY COEFFICIENTS OF 3m-Swrmm AND

43m-SYSTEMS

Fig. 2 depicts the sensitivity coefficients K.,, Ky,, K,,

for the 3m-crystals LiTa03 and LiNb03, and for perpen-

dicular incidence in the reflection mode with respect to x,

and the angle d (retarder angle PO as parameter).

The diagrams emphasize the following statements: 1)

due to the same electrooptic tensor structure we obtain

maximum longitudinal sensitivity (KZ,, ma,) for both ma-

terials at an angle 6 of350 and a retarder angle PO of450

(which corresponds to the result of Aoshima [6] and Na-

gatsuma [7]), 2) LiNb03 exhibits a higher sensitivity

compared to LiTa03, and 3) longitudinal and transverse

probing can be realized with the same electrooptic setup,

simply by changing the retarder angle PO [5]. However,

for a given crystal cut 0 = 350 (p = 450, we can only

realize a quasi-longitudinal probe since the coefficient

Ky. is not zero, i.e., a transverse component Ky, E: is pres-

ent. This effect can be compensated by performing two

measurements with a different retarder angle at the same

probing location. For a quasi-static microwave field (neg-

ligible field components in y,-direction of propagation) we

can omit the second measurement, and 4) for the angles

9 = 35° and p = 45°, we obtain maximum sensitivity

for an angle * of –90°.

Table I shows some of the important transverse and

quasi-longitudinal probing cases of Li~aO~ and LiNb03

(3m-system) as well as for GaAs (43m-system) and

Bi12Si020 (42-system). In case of thick Bi12Si020 crystals,

an offset caused by optical activity can be taken into ac-

count by appropriate adjustment of the analyzer. An op-

timized external probe tip (3m-systems) for longitudinal

field components E ~ is realized with a crystal cut 6 of

350. Fig. 3 depicts the corresponding crystal angles. ln a

similar manner, we obtain the sensitivity coefficients of

~3m-systems given in Table I. As in the case of 3m- sys-

tems, we can employ the same probing setup for trans-

verse and longitudinal probing simply by changing the re-

tarder angle 9., if we use a crystal cut with @ = 450. For

the longitudinal case, we need an angle 0 of 90° which

corresponds for ~ = –900 to the direct longitudinal prob-

ing in (001 )-GaAs.
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Fig. 2. K.,, K,,, K: of LiTaO, (solid) and LiNb03 (dashed) with ~ = –9o”
(upper three diagrams) and 19= 35° and P. = 450 (lower diagram).

Applying the previously described method, we obtain

the total change in transmission A 1 as:

J
1

AI =
sin r~
— k.

2
KTEX, d~

o
(12)

which is valid for a plane-wave sampling beam of infini-

tesimal diameter. Due to the latter assumption, transverse

inhomogeneities of E.t, are not included.

TABLE I
SENSITIVITYCOEFFICIENTSOFTRANSVERSEAND QUASI-LONGITUDINAL

PROBING IN LITaO,, LINbO,, GaAs AND Bi12Si020

Material/ Kx\ K,, K:,

Symmetry ~0 8 + . 10-10 m/V

LiTa03 0° 35° –90° –3.26 o 0
3m 450 35° –90° 0 –2.64 –2.71

450 35° –35” 0.152 0 –1.89

LiNbO, 0° 350 –90° –4.91 o 0
3m 450 35° –90° o –3.41 –3.87

450 35° –38° 0.85 0 –2.38

GaAs 0° 90° –90° o 0
Z3m

–1.13
0° 450 –90° o –1.13 –1.13

450 450 –900 –1,13 o 0

B112Si020 0° 900 –90° o 0
42

–1.64
o“ 450 –90° o –1.64 –1.64

450 450 –90° –1.64 o 0

\. I\,
i /

Y
\.

9= –90° ‘“\ I /. \ . Y-.— —.—.—.—,
/ I

X,F’

\
z’

Fig. 3. Crystal cut 0 = 35” (see 3m-system) and orientation of coordinate

systems for reahzation of a sensitivity optimized probe tip for longitudinal
field component E;.

IV. VOLUME-INTEGRAL METHOD

The general description of the interaction of any optical

field and inhomogeneous microwave field can be derived

by applying a perturbation ansatz to the Lorentz-reciproc-

ity theorem as shown by Monteath [8]. The results [4],

[9] of this approach can be expressed as a change of op-

tical transmission given by:

ASB~ = –]~
“!

~(-) A6e(+)’ dJ,7.
2n VO1

(13)

For derivation of this expression, the interaction of an op-

tical field and microwave field is described by a two-ap-

erture-system (general twoport) shown in Fig. 4 with ap-

erture A and B. The field amplitude transmission

coefficient A S~~, describes the change in transmission of

the optical field due to a small perturbation of the di-

electric tensor At with As = z’ – 8.

The probing geometry in reflection mode (reflection at

the rear surface of external probe crystal or electrooptic

substrate) is reduced to a transmission mode with a crystal



THOMANN a al.: OPTIMIZATION OF ELECTROOPTIC SAMPLING BY VOLUME-INTEGRAL METHOD 2395

polarizer analyzer

I , wave plates \ I

E–field” ‘ EO-crystal

Fig. 4. Two-aperture system in transmitting mode.

of twice the length (21). The polarizing elements are as-

sumed to be infinitesimally thin and close to the EO-crys-

tal. The optical field traveling from B to A and normalized

to the incident power at aperture B is denoted e ‘-). Con-

versely, the optical field traveling from aperture A to ap-

erture B and normalized to the incident power at aperture

A, in presence of a perturbation caused by a microwave

field, is denoted e ‘+)’. Since the perturbation is assumed
(+)’ by e~+j as shownto be very small, we can replace e

by Freeman [9]. Thus, the normalized change in trans-

mission in presence of a microwave field is expressed as:

AZ = I’ – I = S&S;; – SB~S&

= 2Re {SjAASB~}. (14)

S~~ represents the transmission without electrooptic in-

duced perturbation and can be replaced by the bias-point

value SBA = sin ( I’~ /2) without introducing restrictions.

Thus we obtain:

A1=2sin~Re [!jko

1

e(-)~A& e(+) dV . (15)——
2 2n VOL

In the following, we assume 1) a circularly symmetric

Gaussian beam solely described by its transverse com-

ponents and 2) polarization of the Gaussian beam de-

scribed by Jones vectors and weighed by the Gaussian

field distribution.

These assumptions allow the use of the Jones-matrix

formalism for the determination of the polarization of the

(+) and (–) wave before entering the crystal in the static

state. The change As with respect to the static eigenmode

system, is derived from the index of refraction matrix for

the static case (~) and under influence of an electric field

(~’). With As = s’ – s = N’2 – N2, we obtain the

change of the dielectric tensor as:

with neglection of higher order modes in (3~“ and the ap-

proximation ii4 + /n~n~/(nl -1- iz2) * rt~n~ (nl + rt2).

Under the previously stated assumptions the fields e ‘+)

and e ‘–) can be expressed with Jones vectors as follows:
e(+)

= V(+) lef+)l and e(-) = V(-)le(-)l. The magnitudes

of incident wave Ie (‘) I and reflected wave Ie ‘–)\ are equal.

Thus, for the calculation of e ‘+) and e ‘-) we only have to

consider the Jones vectors of the (+) and (–) wave at the

aperture A and B, denoted V(+), V(–), and V~), Vg),

respectively. With respect to the static eigenmo,de system

we obtain:

()1‘y)=+ 1
(17)

v~) = Wm. w(;ro, o) wc(rc, o) W(;I’0, 0) V$) (18)

with the Jones matrices of the analyzer W,n, and the 130-

crystal Wc and the wave plates W. The Jones matrix of

the polarizer can be neglected due to appropriate normal-

ization and with p2 = exp (j(rc/2)) exp (j(I’o/2);~ =

exp (j ( 17~/2)), we obtain:

(20)

With an arbitrarily chosen phase factor ~ = – r/2 for

V;), we obtain a real vector for V~-). With PO = exp

(j I’o/4), we obtain:

An arbitrary retarder angle PO is taken into consideration

by rotation of the dielectric tensor: Az’ =

D(p/J AsD ( – p~) and with p& = W. – r/4 we obtain:

)–jsin$(A~~2 + A~~l) . (23)

As shown by (15), we only consider the real part of (24)

and with A lnOm = sin ( r~/2) “ cos ( ro/2), we obtain

AZ for the transmitting mode to:

AI = AI.Om
Jvo,.(::;j’

“ (::l:A’’’)le(+2dvdv ’24)
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Comparison of (24) with (10) and (11) gives:

AI=:
AI k.

!.
— = = VO1~KTE~ le(+)12 d~.
A Znom

(26)

To determine the change in transmission we need to take

into account the power-density distribution of the Gauss-

ian sampling beam. However, we neglect the different

beam waists in direction of the eigenmode axes.

In the following, we consider the perpendicular probing

case and express the transverse electric field [10] of the

beam:

I t !%ec%xibtmrn

beam

beam

e surface

minimum
(virtuell)

Fig. 5. Propagation of Gaussian beam within EO-crystaI.

crystal system

s exp ( –jko E (.z – ZO)) (27)

with the confocal parameter b = W. m 17/X. = w ~k. /2 R
andz’ = z – zo and q(z) = z‘ + jb. The position of the
beam waist is denoted .ZOand the beam radius as a function

of distance is given by w($) = W. ~. With the

confocal length L = w~koti and & = 2 (Z – ZO) /L we ob-

tain:

‘ -=i5ex+2xko’28)
g,= Ie(+)z –

with &l = 2 (ZJ – Zo)/L and ~2 = 2 (–z, – zo)/L, before

and after reflection, respectively. This results in the fol-

lowing expression [5] for the electrooptic-induced change

in intensity:

!! J

~l=& 1 = “ ~KTEm

2Z o -co _m2 “

“ {t?l (t]) + gl (t2)} & ~Ys ~z,. (29)

It can be shown, that in case of slightly tilted beam (see

Fig. 6), the sensitivity coefficients remain almost the same

since the perturbation terms compensate each other. The

approximate change in transmission is calculated for in-

cident and reflected beam portions individually.

The sensitivity vector K with respect to a dimensionless

vector e: (1e~l = 1) of the electric field, yields the scalar

product: KTEX, = KTe~lE~l. In case of a tilted beam the

product lE~l gl can be generalized to a scalar product of
the vectors lE~l gl = E., eOPtgl and we obtain the total

substrate system B

Fig. 6. General coordinate system of reflection mode probing.

intensity change in transmission:

(30)

In case of longitudinal probing (KX = Ky = O, KZ # O),

this equation can be simplified ‘since K~e~ is independent

of the integration variables. Furthermore, if the field can

be expressed as the gradient of a scalar potential (Ex, =
grad V) and the optical wave is a solenoid field

[div (eop~gl) = 0] we can apply the Gaussian theorem and

the volume integral reduces to a surface integral:

– 2vBglBe&teJ dx, 4, (31)

i.e., AZ only depends on the potentials VA, Vc, and V~ at

the upper and lower surface of the probing crystal, re-

spectively, and weighed with the power distribution of the

optical wave.
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Fig. 7. Transverse periodic transmission lines with external electrooptic

layer for determination of spatial resolution and sensitivity.

V. EVALUATION OF SPACE-HARMONIC POTENTIAL

As an example, weapply the volume-integral method

to external sampling in case of a static space harmonic

potential (phase constant = O). The fields of planar mi-

crowave transmission lines can be expressed as a gradient

of a scalar potential for sufficiently low frequencies pro-

vided neglecting longitudinal field components: Em =

grad +. The structure and the coordinate system is shown

in Fig. 7.

The electrooptic layer, as well as the lateral periodic

transmission line structure (WI), are assumed to be open.

The EO-layer with a relative dielectric constant e,2 is

embedded between the top carrier layer (~,1) and an air

gap (6,3), respectively. With the assumption of an exact

cosine shape of the field components in x-direction the

Helmholtz equation of the Hertzian vector reduces to the

Laplace equation for the scalar potential. For calculation,

we apply the following potential to the three layers: @(x,

z) = d~ Cos Uox “ “ “ i = 1, 2, 3 with $1 = Ae–a0(z+4, +2
= Be”aoz + Cc?, +3 = Ge-Qu – Heaoz, and CYO=

m/ (2w). For a forced potential +(x, z = – h) = V. cos
ciOx at z = –h, we can determine the field components

EX2 and EZ2 in the EO-active layer 2 [11]. Due to the as-

sumption E? = O, the integration in (29) can be per-

formed with respect to y,. As an example, we consider

the purely longitudinal case which is possible for GaAs,

and for (3m)-crystals like LiTa03 and LiNb03 (0 = 350,:

KX = Ky = O, and K, # O. We obtain the intensity vari-

ation Al at the probing position X to:

+ g~(x – x, .gJ)(I!Xdz (32)

with

2’ “p(-’&)

J
g2(x> &i) = – “ (33)

T ~(~i) “

Applying the Fourier transformation we obtain the spec-

tral domain representation and we define a normalized

transmission characteristic H(cY) = ~Z(a) /f (a, z = –h)

with respect to @(x, z = – h) with a field-dependent term

Ez = f(C(et)) and k

2397

= f(cr,, en) [11]:

~d

H(a) = K, cYC(a)
1

~ (ke-az . e’ff~ _ eaz,

. (e-
~2#(&1J/8 + e–a2M%2)/8) ~Z

(34)

VI. EXTERNAL ELECTROOPTIC PROBE

As an example, we choose GaAs with n = 3.41, h =
1.3 ~m, and e,, = 1, en = 13, em = 1. The results of

H(cY) /Kz (CY = ao, local phase constant) are shown in Fig.

8 and Fig. 9. The transmission function H(cY) exhibits a

bandpass characteristic. The maximum Hm,X is between

the space-frequency h-1 and d-1. Thus, a reduction of

sensitivity is caused by h and d. In practice, h must. be

chosen smaller than d.

The transmission function depends on geometrical and

optical parameters [11] briefly described:

1) The sensitivity \H(a) 1, as well as the spatial rmo-

lution, are significantly dependant on the probe distance

h. The maximum of IH(a)l at h = 1 pm, compared to h

= 0.1 ~m, reduces by a factor of 10. The sensitivity is

reduced by a factor of 2 (w. = 2 pm, h = 10 ~m, Z. =

O, gi = 30 pm) for spatial frequency of CY = 1.12 s 105

m-1 which corresponds to a line spacing of 14 ~m.

2) An increase in electrooptic probe thickness d from

30-100 ~m results in an increase of sensitivity of only 1.6

and only at lower spatial frequencies.

3) The maximum spatial resolution [3dB decrease of

lf(ct)] is for ideal conditions (w. = 2 pm, Z. = O, h = 1

~m, d = 30wm) 1.5 “ 105 m-1 which corresponds to a

line width w of 10.5 ~m. For identical parameters, but a

probe distance of h = 0.1 ~m, we obtain a minimum line

width of w = 4.9 pm.

4) The dielectric constant of layer 1 has no influence

on the sensitivity at higher spatial frequencies due to, the

significant decay of the field components in the EO-crys-

tal.

5) The sensitivity of the probe is determined only by

the optical parameters (wo, ZO) if the absolute value of h

is small, An increase of minimum Gaussian radius from

W. = 2 pm to W. = 5 pm, at higher spatial frequencies a

= 9 “ 105 m-1 results in a significant reduction of sensi-

tivity by a factor of 10. The position Z. of the beam waist

within the EO-crystal only influences the spatial resolu-

tion at higher spatial frequencies.

VII. PROBING OF ARBITRARY INHOMOGENEOUS

TRANSVERSE AND LONGITUDINAL FIELDS

The method presented can be applied to arbitrary in-

homogeneous fields. As an example, we chose a 300 pm

wide microstrip transmission line on a 400 pm thick ~aAs

substrate at a frequency of 1 GHz. The optimized external

electrooptic probe (see Table I), of 100 pm thick LiTa03,

is placed at a distance of 10 pm. The electric field com-

ponents were calculated using spectral domain analysis

(SDA) with a transversely unlimited structure.
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H(a) ~ PROBE DISTANCE
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10°1 .

w~ =
zo = O}~m

10-2 d =30~m
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10-’

1o-’~

DIELECTRIC CONSTANT
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~r,l=3.8, Cr,2 = 13, cr,3 = I

l,cr,2=42, er,3=l

10°
0 1 3 4 5

a [1/;] 8105

Fig. 8. Transmission characteristic H(a) with probe distance h, probe

thickness d, and dielectric constants as parameter.

H(a)
!1

MINIMUM BEAM RADIUS

10°?

1o-’;
/

WO= 10.Opm

10-2-
WO = 5.Oflm

POSITION OF BEAM WAIST

10-’:
ZO= 0.0 pm

10-3

10+ 3 4 5 8 9 1

c1 [1/:] *lo~
Fig. 9. Transmission characteristic H (a) with minimum beam radius WO

and position of beam waist ZO as parameter.

2-

?

0 ,.

*
long.

z

ur/2
, 4

0 1 2 7 8

x–p;s,ition4[m] 5*1 0-46

Fig. 10. ~1 of Iongdudinal and transverse probing with LiTa03.

The calculated intensity Al of longitudinal and trans-

verse probing is depicted in Fig. 10. As shown, a relo-

cation between maximum intensity and location of trans-

mission line edge with increasing value, and less

pronounced peak for increasing air gap, is present. How-

ever, even at the large probe distances, the proposed si-

multaneous probing of longitudinal and transverse fields

allows the exact determination of the location of the edge

within a few pm. It can be shown, that using a 1 ~m gap,

30% of the available potential is evaluated, which in-

creases to 65% for a 400 ~m thick EO-crystal. Further,

the method allows the derivation of correction algorithms.

VIII. CONCLUSION

The volume-integral method presented can be applied

to the case of external and internal electrooptic probing

and, yields important results on the introduced transmis-

sion characteristic which is described by sensitivity and

spatial resolution. In case of external electrooptic sam-

pling, the influence of the probing beam parameters and

geometric dimensions of probe tip and its distance to the

planar circuit is presented. The described method can be

applied to arbitrary inhomogeneous fields and arbitrary

optical fields. The method allows the effective optimiza-

tion of the electrooptic sampling setup for various probing

geometries and planar structures, and the implementation

of correction algorithms.
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